Seismic data regularization, which aims to estimate the seismic traces on a spatially regular grid using the acquired irregular sampled data, is an interpolation/extrapolation problem. Sampling theory offers the basic conditions for all the seismic data regularization implementations. In sampling theory, Fourier transform plays a crucial role in the analysis of the reconstruction/interpolation basis (interpolant); it estimates the frequency components in frequency/wave-number domain, and its inverse transform creates the seismic data on the desired regular grid. Difficulties arise from the non-orthogonality of the global Fourier basis on an irregular grid, which results in the energy from one frequency component leaks onto others. This well-known phenomenon is called "spectral leakage".
Introduction
Data regularization is required for advanced seismic data processing such as wave-equation migration (Claerbout 1971; Zhang et al., 2003) , multiples attenuation (Verschuur et al., 1992) . Several regularization algorithms (Spitz, 1991; Duijndam et al., 1999; Bleistein and Jaramillo, 2000; Stolt, 2002) were proposed for these applications. However, most of these techniques suffer from the irregularity of the input grid where the data are acquired. The fundamental problem for Fourier reconstruction is that the global basis functions (such as sinc function) are not orthogonal on an irregular grid (Shannon, 1949; Unser, 2000) . Sacchi and Ulrych (1995) proposed inversion algorithms (sparse inversion) to overcome this nonorthogonality problem; the inversion method for data reconstruction generally does not meet the interpolation condition, because the reconstructed continuous function generally does not pass the original data values at the original irregular sampling locations. Furthermore, we found that in real data applications, such methods fail to constrain the inversion to converge to a satisfactory solution when the seismic data are complex.
In Xu and Pham (2004) , the ALFT was proposed to solve the seismic data regularization problem; their promising results demonstrate that this updated Fourier transform is able to reduce the frequency leakage phenomenon on an irregular grid. The ALFT "re-orthogonalizes" the global Fourier basis functions on an irregularly sampled grid, which leads to a good estimation of the signal's spectrum on the irregular grid.
In this paper, we analyze the reconstruction properties of ALFT algorithm based on the impulse response tests. In this case, it equals to derive the interpolants on the irregularly sampled grid. The numerical interpolants of ALFT are calculated for different frequency ranges. Based on the analysis of the interpolants, the stability issue of the algorithm is also discussed.
Orthogonality in interpolation theory
The data reconstruction has the following general form
where p N is the number of discrete samples on any input grid (regular or irregular), p f is the input data, and p ϕ is the reconstruction basis function.
On a regular grid, sampling theory (Shannon, 1949) gave a global reconstruction/interpolation basis function; it is a sinc function ( 
where δ denotes the symbol of Kroneker. The sinc function also satisfies the unity condition
The orthogonality property greatly simplifies the implementation of reconstruction. It assures that on a regular grid, the sinc function has the weight 1 on the original data position, and zero weight on all other integer locations. This interpolation is stable due to the absolute interpolation weight at any location other than input samples is under 1 (Unser, 2000) .
On an irregular grid, the orthogonality of the sinc function breaks down. In 1D, the classical Lagrange interpolation basis does fit the orthogonality condition and unity condition; it leads to an accurate interpolation to the desired orders. However, one cannot extend easily the classical Lagrange interpolation to higher dimensions. For any interpolation methods, it is very important to revise the orthogonality condition of its interpolants.
Anti-leakage Fourier transform
The ALFT was proposed using the following formula
where X ∆ is the summation range, will only affect the estimation of Fourier coefficient at frequency k because of the Fourier orthogonality condition. But on an irregularly sampled grid, the orthogonality condition fails, and the non-zero ) ( l k x f will "leak to" all other frequencies. To reduce the leakage, ALFT works by estimating Fourier coefficients one by one beginning from the one with the maximum energy to the one with the minimum energy. After each step of estimation, the calculated ) (k f ∧ will be reset to zero by updating the input data. Mathematically, it is equivalent to removing the component
Therefore, our regularization algorithm on an irregular grid can be implemented in the following steps:
1. Compute all Fourier coefficients of the input data using equation (4); 2. Select the one with the maximum energy; 3. Subtract the contribution of this coefficient from the input data [equation (5)].
ALFT then uses this newly subtracted input to solve for the next Fourier coefficient with the same maximum energy criterion. ALFT repeats the procedure until all Fourier coefficients are resolved. Equation (5) acts as an "orthogonalization" mechanism for the Fourier basis on an irregular grid. In other words, after the operations in equation (5), the Fourier basis is "re-orthogonalized". This leads to a practical solution for minimizing the leakage effect from one frequency to other frequencies. Further more, the final updated input data on an irregular grid will tend to zero after all the subtraction operations, this implies that the reconstructed data from the obtained Fourier coefficients will fit the original measurements. Therefore, the ALFT algorithm meets all interpolation assumptions.
Orthogonality in ALFT algorithm
Theoretically, though the ALFT algorithm can reorthogonalize the interpolant, a further study on the interpolant will reveal the stability and convergence of the algorithm. To analyze this, we first build the irregular grid using 128 sampling bins (a bin is a unity interval along the x axis); and the real sampling location in the bin is random. This example is used to simulate the real case of seismic trace sampling. To analyze the interpolant, we set the all the sampling values to zero except the one in the central bin, which has the value of 1.
For this irregular grid, theoretically 128 Fourier coefficients cannot construct an orthogonal basis function, because the irregularity of sampling implicitly requires a higher Nyquist frequency, defined by the smallest sampling rate. Therefore, we start with 256 Fourier coefficients. The ALFT is applied to estimate all these Fourier coefficients.
The calculated interpolant is shown in the top of Figure 1 . From this example, we clearly see that the interpolant passes all the samples, which demonstrate that the orthogonality property is satisfied by this ALFT based algorithm. However, the maximum value of this basis function is larger than 1, which implies that only 256 Fourier coefficients cannot construct a stable interpolant. The bottom of Figure 1 depicts the interpolant using 512 Fourier coefficients. It obeys both orthogonality condition and stability condition. Moreover, it has more zero-cross points than necessary, which can be used for de-aliasing.
Based on the above analysis, an adapted frequency range can be used to design the interpolants on any irregular grid with anti-aliasing property. Such interpolants can produce good and stable interpolation even for aliased data.
Real data applications
We test our algorithm on a Gulf of Mexico data set along the cross line direction, where the spatial sampling is poor; the midpoint Y sampling is normally 40-50m, 4 times larger than that of midpoint X. None of the traces is located exactly on the bin center. The algorithm is required to recalculate/interpolate all the traces to the bin centers along midpoint Y direction.
In Figure 2 , the left plot shows a part of a common-offset crossline section after binning. All complex features encountered by seismic data reconstruction are clearly observed: the salt top reflections/diffractions, crossing seismics, amplitude changes along seismic events and high frequency aliasing. Figure 2 on the right shows the result after ALFT regularization, in which all the traces (include the empty bins) are reconstructed. Comparing the seismics before/after the data regularization, it is clear that the ALFT based regularization significantly improves the overall quality of seismic data. It in-fills small holes, removes sampling aliasing, and enhances the reflection continuity. Figure 3 shows a 3D Kirchhoff migration result comparison between with (bottom) and without (top) ALFT applied to the input seismic data. Although Kirchhoff migration does not explicitly require regularly sampled input data, its amplitude weighting and anti-aliasing treatments work more accurately on a regularized dataset. We can clearly see migration with regularization cleans up a lot of artifacts and the migrated events shows better continuities.
Conclusions and discussions
We discussed and numerically demonstrated the orthogonality and stability properties of the interpolant created by ALFT, which are essential for an interpolation algorithm. The regularization algorithm proposed here works well on real data with complex structures and aliased events. Migration results on regularized datasets show significant improvement on the imaging quality. The migration artifacts caused by irregular input sampling are greatly removed/attenuated. 
